A geometrical origin 



for the covariant entropy bound 



Centre de Physique Theorique, 

e-mail. 



H. Casini 

Campus de Luminy, F- 13288, Marseille, France 
casini@cpt.univ-mrs.fr 



Abstract 



Causal diamond-shaped subsets of space-time are naturally associated with 
operator algebras in quantum field theory, and they are also related to the 
Bousso covariant entropy bound. In this work we argue that the net of these 
causal sets to which are assigned the local operator algebras of quantum 
theories should be taken to be non orthomodular if there is some lowest scale 
for the description of space-time as a manifold. This geometry can be related 
to a reduction in the degrees of freedom of the holographic type under certain 
natural conditions for the local algebras. A non orthomodular net of causal 
sets that implements the cutoff in a covariant manner is constructed. It gives 
an explanation, in a simple example, of the non positive expansion condition 
for light-sheet selection in the covariant entropy bound. It also suggests a 
different covariant formulation of entropy bound. 



The discovery that black holes have an associated entropy given by the Bekenstein for- 
mula S = A/ {AGh) in terms of the horizon area A is arguably a very important clue to the 
understanding of the role of gravity at the quantum level. Current explanations of the black 
hole entropy vary between the use of definite models for quantum gravity, and effective ideas 
as entanglement entropy and induced gravity (for a general review and references see [1]). 

The fact that the black hole entropy increases proportionally to the area in Planck units 
rather than the volume, has led to the idea of the holographic or spherical entropy bound 
[2,3]. This states that the entropy for a system enclosed in a given approximately spherical 
surface of area A is less than A/{AGh). The spherical bound can be seen as a statement 
on the metastability of macroscopic black holes, that is, that no system enclosed inside a 
spherical area A can have greater entropy than a black hole of the same area [1]. However, 
the bound does not work for irregular surfaces, surfaces inside black holes or in cosmological 
situations, where there is a strong time dependence of the matter system compared with its 
typical radius (see for details [1,3] and references there in). 

An appropriate generalized version of this bound to cosmological situations and general 
space-times was developed by Bousso in [4], where it was called the covariant entropy bound. 
Here we briefly introduce it, for a detailed account see [3]. 

Given a spatial codimension two surface fl it is possible to construct four congruences of 
null geodesies orthogonal to Q, two past and two future directed. Suppose that one of these 
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(a) (b) 

FIG. 1. (a) The future directed light-sheet H generated by a spatial one dimensional closed 
surface Vt in three dimensional Minkowski space. The past and future directed light-sheets bound 
a diamond shaped set S that is causally closed. This set coincides with the causal development 
of a two dimensional spatial surface C that is a Cauchy surface for S (shaded surface), (b) Flat 
cosmological model with initial singularity. The figure shows a cut in the (t, x) plane. A closed 
spatial surface Vl is represented by two points. The case shown is when this surface is bigger than 
the horizon, then it is antitrapped. The past directed orthogonal null congruences are light-sheets, 
and will crush into the singularity. The future directed ones are not light-sheets since they are 
initially expanding (i.e. the surface shown with the dashed line). 

null congruences orthogonal to Vt has non positive expansion 9 at VL. Then call H the subset 
of the hypersurface generated by the congruence where the expansion is non positive. The 
hypersurface H is called a light-sheet of VL. Figure 1(a) shows an example. The covariant 
entropy bound states that the entropy in H is less than AiVL) / {AGTi) . 

The covariant bound should be regarded as tentative. However, there are no known 
reasonable counterexamples. Indeed, the bound can be shown to be true in the classical 
regime under certain conditions equivalent to a local cutoff in energy, and when the metric 
satisfies the Einstein equations [5] . This includes a vast set of physical situations. 

Under the conditions of the covariant entropy bound, the naive picture coming from 
hyperbolic equations of motion and the Cauchy surfaces in space-time results drastically 
changed. In the usual picture the dataset on the Cauchy surface is to be taken as arbitrary, 
giving place to an independent degree of freedom for Planck volume and a maximum number 
of states of the order of the exponential of the volume in the cutoff units. The existence of 
covariant laws of evolution imposes that the physics inside the whole causal development 
of the surface C in Fig. 1(a) should be described in terms of the same degrees of freedom. 
However, the entropy bound imply that the maximum number of states is further reduced 
to be some exponential of the area of the surface VL. The idea that the physics inside a 
given volume (and then in the whole diamond shaped region S of Fig. 1(a)) would admit 
a description in terms of independent degrees of freedom at the bounding surface is known 
as the holographic principle [2]. This reduction would not apply in this simple form when 
the surface VL is trapped or antitrapped, that is, when the two null congruences orthogonal 
to VL having negative expansion are both future or past directed (see fig. 1(b)). There, the 
bound is saved by the choosing of negative expansion light-sheets and the formation of a 
singularity in space-time. 
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In a quantum field theory the Rcch-Schheder theorem [6] impedes the discussion of the 
physics in a finite region in terms of subspaces of whole the Hilbcrt space, because the 
fields restricted to a bounded region generate the whole Hilbert space when acting on the 
vacuum ^. However, local algebras of operators can be defined. The diamond shaped sets 
of Fig. 1(a) play an important role in the algebraic approach to quantum field theory [7,8]. 
In this context, to some sets S in space-time it is associated an algebra .4.(5') of bounded 
operators acting on the Hilbcrt space Ti, (in fact a von Neumann algebra). These have to be 
regarded as the algebras generated by the quantum fields averaged using weight functions 
with support inside the given region (see [7] for the relation with conventional quantum field 
theory). The operator algebras are local, in the sense that given two sets S, and T 



In addition, the operators on the algebra corresponding to the causal complement S' of S, 
A{S'), commute with the operators in A{S). Here the causal complement or opposite S' of 
S is the set of points spatially separated from S. Then 



where A' is the algebra of the operators that commute with all the operators in A. 

The conditions (1) and (2) are minimal for the net of algebras, and some evolution law 
has to be supplemented. In Minkowski space the evolution is dictated by the existence of 
a unitary representation of the Poincare group acting on the local algebras. For a more 
general situation the dynamical law would be manifest in that for a set S [7,8] 



Then, a natural definition of the diamond shaped sets in this context, is the sets that satisfy 
S = S". These are called causally closed sets. For example, the diamond shaped set S 
in Fig. 1(a) is the domain of dependence D{C) of the surface C, that is, the maximal set 
where it is possible to determine the variables for a wave-like theory with the knowledge 
of the initial data on C. It is also S" = S = C", thus S is causally closed. It was shown 
in [9] that the causal closure of an achronal set includes its domain of dependence, and in 
a globally hyperbolic space-time the domain of dependence and the causal closure coincide 
for achronal sets bounded in time. Therefore, eq.(3) applied to a set S covering a piece 
of a space-hke surface C implies that the algebra corresponding to S includes the algebra 
corresponding to the domain of dependence of C, as expected from a theory with hyperbolic 
equations of motion. However, eq. (3) is in general stronger than what can be induced by 
causal propagation (see Section 111 below). 

We will postpone to Section 111 and IV the discussion of the relation between causally 
closed sets and the light-sheets generated by spatial codimension 2 surfaces. In this work the 
main discussion is centered in the geometry of the nets of causal diamond shaped sets, while 
its relation with the local algebras and the counting of degrees of freedom will be heuristic. 



I thank C. Rovelli for pointing me this theorem 



SCT=^ AiS) C A{T) . 



(1) 



A(S') c A(sy , 



(2) 




(3) 



3 



We argue that under some physical conditions the net of sets to which are assigned the local 
operator algebras have to be taken non orthomodular. We show that this simple geometry 
can be associated with a possible origin of the holographic property in an effective quantum 
field theory description. We construct a net of causal sets that implements the cutoff in a 
covariant way and lead to an explanation of the non positive expansion light-sheet selection 
in the covariant entropy bound. 



In this Section we introduce several lattices of causal space-time subsets and briefly 
investigate their properties. A more extensive analysis for the orthomodular case can be 
consulted in [10,11]. Given a globally hyperbohc space-time Ai and a set 5" in we call 
its causal opposite or ort ho complement S' to the set where the local operators in a given 
quantum theory are constrained to commute with the local operators in S. We explore 
several possibilities for the operation of causal opposite and its consequences for the lattices 
of the "diamond shaped" (causally closed) sets. These sets are the ones that satisfy S = S", 
and thus its definition is tied to the opposite operation. 

We start with a definition for S' as the set of all points x such that there is no time-like 
curve connecting x with a point in S. Thus, 



where I^{S) and I^{S) are the chronological future and past of S, that is, the set of points 
that can be reached by future directed (past directed) time-like curves starting at a point in 
S. We call Ct{M.) to the set of causally closed sets S, S" — S, where the opposite operation 
is given in equation (4). 

Let us look more closely to the properties of Ct{-M)- The empty set and M. belong 
to Ct{M) and are mutually complementary. It is easy to show that it is S'" = S' and then 
S' is an element of £r(A1) for any set S. The operation of taking the causal opposite is 
internal in Ct{M)- We also have the order relation given by the set inclusion C. We can 
define two additional binary internal operations in £^(^1), the meet A and the join V, given 



The set Ct{J^) with the order relation C and the operations ', A and V, forms what 
is called an orthocomplemented lattice [10] (see [12,13] for the mathematical context). A 
lattice jC is an ordered set under some order relation C, where the greatest lower bound 
and the lowest upper bound of two elements A and B with respect to this order relation 
always exist, and are represented by the operations A A B and A \/ B respectively. An 
orthocomplemented lattice has in addition a unary operation A ^ A' called opposite or 
orthocomplement, such that 



II. THE LATTICES OF CAUSALLY CLOSED SETS 




(4) 



by 



Aab ^ AnB , 

Ay B ^ {AU B)" . 



(5) 
(6) 



A A A' = , 
A V A' = / , 



(7) 
(8) 
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FIG. 2. The orthomodular law is valid in Ct{.M.): (a) example where B is included in the 
interior of A, and (b) where B is included in A and share part of the border with A. In both cases 
it is ^' V -B = ^' U i? (assuming that A and B do not share part of their spatial corner), and then 
A n (-B V A') = B. All sets include their time-like border, (c) The orthomodular law is not valid 
in Co{M). All sets are open. The dotted line shows the set B V A', and it is S C A n (i? V A'). 
The case where B is separated from the borders of A is similar to (a), and orthomodular ity holds 
for this special configurations. 



where / is maximal element of the lattice (it is M. for Ct{M.))- 

As a more familiar example of an orthocomplemented lattice we have the set B{U) of all 
subsets of a given set U . There, the order relation is again given by the inclusion C, while 
the other operations are the set complement — , intersection fl, and union U, respectively. 
The properties of the operations in Ct{M.) that come from the orthocomplemented lattice 
structure copy those of B{U). For example, the operations A and V are associative and 
symmetric. The duality relations also hold in any orthocomplemented lattice. 



However, while the operations fl, and U are distributive in B{U), the operations A and 
V are not distributive in £t{-M). A similar situation occurs in the set of all closed vector 
subspaces of a Hilbert space, CiTi). The set C{7i) forms an orthocomplemented lattice under 
the order given by C, the opposite of a subspace V given by the orthogonal space V-^, and 
the meet and join given by the intersection fl, and sum © of vector spaces respectively. The 
sum and intersection do not distribute as can be checked with the vector spaces generated 
by three independent vectors. However, a weaker form of distributivity holds in C(7Y) called 
orthomodularity, that is a central property in the studies of quantum logic [13]. 

It was shown in [11] for Minkowski space, and for general space-times (without imposing 
any causality condition) in [10] that the set Ct{M.) with the order relation C and the 
operations — , V, and A defined above is an orthocomplemented orthomodular (and non 
distributive) lattice (see Fig. 2(a-b)). The orthomodularity condition is that for any A and 
B in the lattice 



A = A" , 



(9) 
(10) 



{Ay B)' = A'AB', 
(AAB)' = A'yB'. 



(11) 
(12) 



B CA^ AA{By A') =B. 



(13) 
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In quantTim mechanics the lattice of closed vector subspaces of the Hilbert space has a 
logical interpretation in terms of physical propositions, and the orthomodular property is 
inherent to this logic structure [13]. The proposition corresponding to a subspace V on a 
vector state ^ is given by "the orthogonal projection of ^ onto V is ^f". Thus the answer 
is yes if the state vector belongs to V and no if * belongs to the orthogonal space to V. 
The lattice of causally closed sets Ct{M.) have a logical interpretation in terms of physical 
propositions given by space-time subsets [10]. The proposition corresponding to a set S 
about a point like particle is given by "the particle passes through S" , while the negation 
of that proposition is given by "the particle passes through 5"". The prescription S — S" is 
related with the logical axiom that states that the opposite of the opposite of a proposition 
gives again the same proposition. It is necessary to restrict to the causally closed sets in 
order to have a logic in terms of space-time sets, since for different types of sets the opposite 
of the corresponding proposition is a statement about particle trajectories that can not be 
put as a subset proposition of the above kind. 

Before showing the meaning of orthomodularity in the present context we will construct 
a different orthocomplemented lattice of causal sets that does not have this property. 

In the literature the operator algebras are usually associated with open sets, because 
they are thought as coming from smoothed quantum fields. It has also been suggested that 
the corresponding net of subsets of space-time is orthomodular [7]. The lattice Ct{-M.) is 
orthomodular, but it is not formed by open sets. We will see that one can not have both 
things together. 

There is another unsatisfactory feature of Ct{.M.) in this context, the fact that there are 
orthogonal sets that can be joined by a null geodesic (see Fig. 2(b)). Here we use the term 
orthogonal borrowed from the lattice of closed subspaces of the Hilbert space C(7Y) when 
referring to two sets X , Y, such that X C Y'. Thus, as information can be passed from 
one set to the other the operators based on them should not necessarily commute. To take 
into account the propagation of massless fields one would then replace the definition of the 
opposite (4) by 

S'^-{J+(S)UJ-(S)) , (14) 

where J^{S) and J^{S) are the causal future and past of S, that is, the set of points that 
can be reached from S by future directed (past directed) time-like or null curves. Again an 
orthocomplemented lattice Cc{J^) is obtained picking up the causally complete sets S — S", 
where the opposite operation is given by equation (14), and the meet and join by eqs. (5) 
and (6) [10]. Now the fight rays coming from S do not intersect S'. However not all sets in 
Cci-M) are open. 

We can construct another lattice of causally closed sets where opposite sets are not 
causally connected, but now formed by open sets, using the opposite given by 

S'^-{J+{S)UJ-{S)), (15) 

and where A means the topological closure of A. We will call Co{M) to the lattice of open 
sets that are causally closed with respect to the opposite operation (15). As was shown 
in [10], Coi-M.) is also an orthocomplemented lattice. Both lattices Co{-^) and Cc{-M.) 
behave very similarly, except that Co{M) is formed by open sets and do not contain lower 
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(a) 



(b) 



FIG. 3. (a) The family of subsets B Q A, where B and A belong to Ct{.M), form an ortho- 
modular lattice where the opposite is given by B |^= B' n A. The figure shows the fundamental 
importance of the existence of null surfaces in Ct{M) for orthomodularity. (b) With the inherited 
notion of the opposite for a set A in Co{M) the set B |^ (in gray) is different from B. Therefore 
B £ Coi-M.) is included in A but it does not belong to Co{A). 

dimensional objects. Furthermore, in a discretized version of space-time they would coincide 
as explained below. 

However, the lattices Co{-M) and £c(A^), in contrast to Cri-M), are not orthomodular. 
This is shown in the example of figure 2(c). As explained in [10] the orthocomplemented 
structure follows naturally from the existence of an orthogonality relation between points 
in space-time, but the strongest requirement of orthomodularity seems to require the exact 
definition (4) for the opposite. 



A. Some consequences of orthomodularity 

There are two equivalent conditions to orthomodularity for an arbitrary orthocomple- 
mented lattice C that we will now illustrate. The first is a kind of good property under 
reduction to a subspace. The lattice £ is orthomodular if and only if for any A E C the 
family Ca, formed by the sets B E C, B (1 A, is again an orthocomplemented lattice, where 
the opposite operation restricted to Ca is B B' fl A. Then it follows that the lattice 
Ca is also orthomodular. That this condition is true for Cxi-M.) and false for Cq{J^) is 
exemplified in Fig. 3. What this is telling is the following. An element A in CriAi) is not a 
submanifold of A4 because it is not an open set, but the elements of Ct{M.) inside A form a 
good orthomodular lattice with respect to the induced operations in A. On the contrary, an 
element A in Co{J^) is a submanifold of because it is open, but the elements of Co{J^) 
inside A are not in general elements of the lattice induced by the reduced notion of causality 
£0(^4). The sets in £o(A^) included in A that do not belong to Coi^) share a piece of its 
null border with the null border of A, that is, they are in contact with A from inside. In 
fact, a weaker form of orthomodularity for Co{-M.) holds, that reads 

B C A^ AA{By A^) = B , (16) 

where A and B belong to Co{Ai). The condition B ^ A is sufficient for B G Co{A), but 
is not necessary since the examples suggest that whenever B share a piece of the spatial 
corner with A it is 5 £ Co{^)- 
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This has a resemblance with what happens in the exterior of a black hole or in the 
Rindler wedge in Minkowski space where the observers can restrict themselves to living in 
a submanifold, but at the cost of dealing with a non pure state. Here, as we reduce to a 
submanifold A there are sets B oi A4 included in A that would have associated an algebra 
of local operators A{B). However, A{B) does not exist in the theory restricted to A for 
some of the B ^ A. Thus, some local operators in A would be missing from the set of 
operators available to the observer. Somehow the lattice Co{Ai) would have information 
about the entanglement of fluctuations in the vacuum across causal horizons as implied by 
the Reeh-Schlieder theorem. 

The second condition equivalent to orthomodularity is that for any set S in an ortho- 
complemented lattice C there must not exist a set T in jC with T C. S, T ^ S, and such that 
T y S' = Ai. That is, the complement of S' is unique among the sets included in S. This 
condition is respected in Ct{M.) while it does not hold in Co{M.). More generally, given 
two orthogonal sets A and B, and C C -B, C 7^ in an orthomodular lattice it can not be 
that By A — Cy A. However, this is true for certain sets in jCo(A4), what could have very 
interesting consequences as wc will see in the next Section (see Fig. 5(b)). 

As the difference between the lattices presented so far is somewhat a subtlety related to 
the borders of the sets, one could wonder if a slight modification of the definitions would 
not yield a lattice of open sets orthomodular. This is not possible if one wants to retain 
the algebraic properties of the lattice and where the opposite consists of points spatially 
separated. For example a tentative possibility would be to identify the operations in Co{M.) 
with operations in Ct{-M) assigning to the set S in Co{M.) the set S in Ct{-M)- However 
this fails because a piece of a null surface is an element in Ct{M) without interior, and 
its existence is crucial for orthomodularity (see Fig. 2(b)). Adding null surfaces to Coi-M) 
will lead to Ct{M), that has orthogonal elements causally connected, or to jCc{-M.), that is 
again non orthomodular. 

B. Models of causal lattices for a space-time with a smallest scale 

A more convincing argument in favor of a non orthomodular lattice comes in a context 
where there is a cutoff. For example, take a discretized version of space-time choosing points 
at random with constant medium density with respect to the volume form, and dropping the 
rest of the space-time [14] . There the lattices we introduced will basically coincide, because 
the differences appear only when there are points lying in the same null geodesic, an event 
of zero probability. Call the resulting lattice Coi-M.)- Also, even if it happens that two 
points are light connected, in any discretized version, the fact that their operators should 
not commute, and the points should not be orthogonal becomes strengthened in comparison 
with the continuum. Thus, it seems that when space-time itself is blurred at some scale 
(but retaining a causal relation as in [14]), extremely localized objects as the border of sets 
would have no meaning. The causal structure would survive at large scales through a non 
orthomodular causal net. We will not study here the interesting problem of finding the 
lattice operations of this type of discretized space-time in the thermodynamical limit. We 
only note that for simple examples of jCd{-M.) constructed with a few points, the result is 
somewhat intermediate between the behavior of Cq^M.) and Ct{-M) (see figure 4), a feature 
that we will encounter again in Section IV for a different type of regularized lattice that we 
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FIG. 4. The lattice formed by choosing points at random with constant medium density in 
space-time and retaining the causal relations. The sets formed with the points that are in the 
intersection of the past and the future of two time-like separated points, as the sets A, B and C, 
are always in the lattice, (a) There are no points inside the set bounded by the light rays passing 
through q and r. Thus, the join of A and B is as in the lattice of open sets, (b) There is the point 
p inside the set bounded by the light rays passing through s and r. The set A V C results cut by 
the past and future of p as compared with what happens in case (a) . 

now introduce. 

We mentioned that for a theory of point particles, or more generally any theory that 
allows to probe the space-time structure up to the continuum, the lattice Ct{-M) has an 
interpretation in terms of physical propositions given by space-time subsets. However, if 
there is a lowest scale that can be tested then the situation is different. Suppose that 
we can probe the space-time up to a minimal size /i. We can think that our probe is an 
extended particle of rest frame size /x. Then, given a set 5* we can probe that a point is 
spatially separated from S only if it is separated from 5 by a spatial distance greater than /x. 
Equivalently, two points will be causally unrelated if any of the extended particle trajectories 
passing over one point does not reach the other. Thus we define the opposite operation by 



where we use the signature (1, —1, —1, —1) for the metric and d'^{x, y) is the greatest square 
geodesic distance between x and y (in case x and y can not be joined by any geodesic set 
d{x,y) = — oo). The use of < or < in (17) is not relevant in what follows. A structure of 
orthocomplemented lattice is obtained for the causally closed sets from this definition for 
the opposite and we call the resulting lattice £_^2(A^). 

We have that C-^2[A4) is a non orthomodular lattice, while the lattices produced by 
choosing a positive value instead of — /i^ in (17) behave as orthomodular for simple examples. 
The non orthomodularity of C_^2[Ai) is in accord with the known result that given a 
orthocomplemented structure the orthomodularity is related with the presence of a set of 
states that is enough to separate the different propositions [13]. 

With the interpretation of the opposite of a set S as the set of points where the operators 
commute with those based on 5* we arrive at the same operation (17) in the case where there 
is a lowest fundamental scale. Operators algebras based on regions separated by a spatial 
distance smaller than /i may not commute because that would imply that a smaller scale 



S' = {x/x 7^ y and (P 



{x,y) < -ji- 



^ for all y e S} , 



(17) 
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have an observational significance. Only a finite number of mutually orthogonal sets are 
included in a given bounded diamond in the lattice £_^2(A1), so the net can be thought as 
a covariant way of implementing a cutoff because independent degrees of freedom based on 
different space-time sets should have commuting generators. 

The causal closure (the double opposite) in jCt{M.) for an achronal bounded set has also 
the interpretation of being its causal domain of dependence. A similar interpretation has 
the closure in C^^2(Ai). Given an orthogonal set of points C in this lattice we can draw a 
Cauchy surface Ci passing through all of them. Then given a point x in the generated set 
C" and any extended particle trajectory that passes over x, the trajectories cut Ci at points 
which have a spatial distance from C smaller that /j,. Thus, C acts as a generahzed form of 
Cauchy surface for C" . 

Thus, it seems that the presence of a cutoff in the space-time description leads to a non 
orthomodular lattice for the causally closed sets that implement the causal law (3). Here 
the causal closure has to be calculated with the opposite (17). 

Prom their definitions we see that jCt{M.): ^c{-M.), and jCo{-M.) do not change with 
conformal transformations, and thus, they are a property of the conformal structure. On 
the contrary, Cd{M) and >C_^2(A4) are not conformally invariant. 

III. NON ORTHOMODULARITY AND THE COVARIANT ENTROPY BOUND 

We will assume that we can construct the algebra A{S) corresponding to a set S formed 
by set union of orthogonal sets Si with the elements of the corresponding algebras. Thus 



where the sets Si are orthogonal, and Ai V A2 denotes the algebra generated by Ai and 
A2- This is a natural postulate that involves a local principle. The operators associated to 
a set of space-like separated regions can be constructed with operators based on the given 
regions. However, Eq.(18) can have problems in theories with global non gauge charges (see 
[7], specially Section ni.4). Remarkably, these charges are not supposed to survive at a 
fundamental level or when all effective terms in the Lagrangian are taken into account. 
Prom eqs. (3) and (18) it follows that 



for orthogonal families Si of elements. 

Here we note that we used eq. (3) only for the union of orthogonal families of causally 
closed sets. Otherwise this equation can not be justified on the basis of causal propagation 
only. Por example the double opposite of a set S formed by two time-like displaced diamonds 
is a set bigger than the domain of dependence of S, that is, the set of all points through 
which every inextendible time-like curve intersects S. 

Equation (19) is the statement that the local operators acting in a region of space-time 
can be constructed from the mutually commuting sets of operators in regions non causally 
connected to each other. The content of this equation clearly depends on the lattice chosen 
for the causally closed sets. It expresses in algebraic manner the causality of dynamical 
evolution due to classical space-time geometry when using the lattice >Cr(A4), and it is a 



A{UiSi) = ViAiSi) , 



(18) 



A{\/iSi) = ViAiSi), 



(19) 
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(a) 



(b) 



FIG. 5. Forming S as the join of mutually orthogonal sets, (a) In Ct{.M) the mutually orthog- 
onal sets have to cover a Cauchy surface C for S. (b) In £o(A^) it suffices to take a small set A 
covering the spatial corner of S and one orthogonal set C near the future or past tip. Note that 
AV B = AV C = S. 

natural generalization for the case where the causal structure is only described by a lattice. 
We will proceed assuming that (19) is valid and show that it has strong implications for a 
non orthomodular lattice. 

Now we see the role of the lattice of causally closed sets that is used as the base for 
the theory. In the case of Ct{M), the picture is that of hyperbolic dynamical laws with 
the initial data set on Cauchy surfaces. In fact, given a diamond S in Cxi-M.) if we try to 
form it as a join of mutually orthogonal smaller diamonds, we find that these later always 
cover a Cauchy surface for S (see Fig. 5(a)). Thus ^(5*) can be seen as formed by mutually 
commuting generators on the Cauchy surface. 

The lattice Co{-M) implies a very different counting of degrees of freedom. As can be 
seen in Fig. 5(b), there each diamond is generated by a subset arbitrarily close to the spatial 
border of S, plus an arbitrarily small orthogonal diamond near one of the tips. Thus, most 
of the independent degrees of freedom are localized in the surface Q. When there is a cutoff 
the number of degrees of freedom would increase as the bounding area. The role of the non 
orthomodular behavior is clear. In figure 5{h) it is A\/ C = A\/ B = S , where C is a proper 
subset of B. As already mentioned this situation can not happen in an orthomodular lattice. 

A similar construction may be implemented for a null hypersurface converging to a point 
q, and orthogonal to a non necessarily closed codimension 2 spatial surface Q. There, a 
neighborhood of the null hypersurface can be formed as the join of a small set near Q and 
a small orthogonal diamond near q. 

Thus, it seems that a non orthomodular causal net captures the features of the holo- 
graphic property. However, the lattice £o(A1) has two drawbacks. One is that it does 
not tell how to count degrees of freedom, as an arbitrarily small set in the lattice includes 
infinitely many orthogonal subsets. The other is that it is conformally invariant. Then, the 
lattice makes no difference between expanding and contracting null hypersurfaces orthogonal 
to Q if they finally converge to a point. So, the same argument that applies for the surface 
H in the case of Fig. 1(a) would apply for the dashed line representing a null hypersurface 
in Fig. 1(b), leading to entropy bounds with simple counterexamples (for example if the 
universe if big enough beyond the Hubble radius as suggested by inflation). 

These difficulties can be cured using £_^2(A^) that implements a finite cutoff. We can 
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(a) (b) 

FIG. 6. (a) Generating a spatial flat surface with a set of orthogonal points in C~^^2{-M). The 
circles are of radius //. Thus the opposite of the set of points is outside the solid circles. The dashed 
circles are centered in the points of the opposite best positioned to take out most of the set when 
doing the double orthogonal. The shaded area is the set generated (or the double orthogonal) by 
the points, shown in the plane of the points. Here we have set the distance between neighbor points 
as the minimum to be orthogonal. In fact, the most efficient manner to cover the two dimensional 
surface is to take a hexagonal net like the shown in the picture, but where the distance between 
neighbors is infinitesimally near and smaller than \/3/i. When covering a surface in this way and 
including the time this set of points will also generate a set approximating the causal development 
of the surface, (b) When the radius of a circle is much bigger than /i the set formed by the central 
point and points in the circle will not generate a surface because some orthogonal points can be 
situated inside the circle. However, we can lift the central point of the circle in time, reducing its 
distance to the circle to the minimum fi. Then, if the distance between neighbor points in the circle 
is less than 2 /u, they will generate a set approaching a null surface. When the circle is covered, 
and only then, they will generate the whole cone and the lower cone also (not shown). 

give a measure of a set S in this lattice that would correspond to the number of degrees 
of freedom available inside 5*. First, we want the independent degrees of freedom to be 
assigned to orthogonal sets. Second, if a set contains a pair of orthogonal subsets it can 
not be assigned just one degree of freedom. Thus we can think in the sets that do not 
contain any pair of orthogonal subsets as the building blocks. For definiteness we will take 
the points, that do not have any proper subsets, as such building blocks. These are the 
atoms of the lattice. The minimal number N{S) of orthogonal points we need to generate 
S (or a set that covers S in general) is then naturally associated with some constant times 
the number of degrees of freedom in S. This definition is covariant. 

As an example consider three dimensional Minkowski space, and the diamond set S in 
Fig. 1(a). It is possible to construct the net of orthogonal points that cover the Cauchy 
surface C as in Fig. 6(a). It also generates its domain of dependence S. The number of 
points then grows with the volume of the Cauchy surface. On the other hand, as shown in 
Fig. 6(b), with points near the bounding area fl plus one single orthogonal point one can 
also generate a set covering 5*. The number of points is smaller than in the previous case, 
thus it represents the actual number (or a greater bound) of degrees of freedom. 

The reason for the holographic reduction of the number of independent degrees of freedom 
can be seen more easily looking at Fig. (7). Suppose we have a covariant way of assigning 
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FIG. 7. Two Cauchy surfaces C\ and C2 for the diamond shaped set S. The pomts represent 
discrete degrees of freedom equally spaced on the Cauchy surfaces. As C2 approaches the null 
border of S its volume tends to zero and the number of points that it can hold is reduced. 



degrees of freedom to the Cauchy surfaces Ci and C2, for example by separating them 
by some spatial distance as wc have done using the lattice C^^2(Ai). Then, moving C2 to 
approach the null boundary of S its volume goes to zero reducing the number of independent 
degrees of freedom that the surface can hold. As both Cauchy surfaces must have the same 
number of independent degrees of freedom since they describe the same physics, most of 
the degrees of freedom of Ci must not be independent. However, the degrees of freedom in 
the spatial corner may well turn out to be independent when restricting attention to the 
particular diamond set S. 

In the following Section we will give evidence in the context of a simple example that the 
lattice >C_^2 does indeed choose the non positive expansion condition for the applicability 
of the entropy bound. 



In this Section we consider spatially flat three dimensional Friedman-Robertson- Walker 
models with a metric given by 



where r) is the conformal time, dr'^ — dx^ -\- dy^, and the exponent (3 is taken in the range 
< /9 < 00. We focus on spatial one dimensional surfaces Vt formed by an arc of a circle 
at fixed r]. We show that the set generated doing the double orthogonal in the lattice 
C_ij2[M.) of the set formed by A{yt)/{2ii) orthogonal points along Vt plus a single additional 
orthogonal point, approximates the light sheets of negative expansion corresponding to Q in 
the limit of small ji. Here A{Q) is the area of Q. On the contrary, for positively expanding 
null congruences orthogonal to Vt the implementation of this construction requires a greater 
number of points by unit surface than in the non expanding case, or it simply can not be 
realized with orthogonal points. 

This metric (20) can be expressed in the form 



IV. THE LATTICE C_^i{M) FOR THREE DIMENSIONAL 
ROBERTSON- WALKER MODELS 




(20) 
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ds^ = df - a{tfdr^, (21) 
and the relation between time and conformal time is given by 

(22) 

"""2 



a{t)={^-{2 + P)ty"\ (23) 

Prom here we see that the Hubble radius a/a is given by Rh — "^Ull^^I^^ The case (5 — Q 
corresponds to flat space-time. The geodesic equation for a curve 77 (r) is 

ri' - ^V-' {v" - 1) = 0. (24) 

The solution for null geodesies is simply 

77 = ±r + C , (25) 

where C is a constant. We will be interested in small deviations from the null geodesies 
with Tj growing with r, then we write 

rj{r) = r + C + S{r) , (26) 

with S{r) <^ 1. The hnearized geodesic equation is 

S"-^^S'^0. (27) 
r + C ^ ^ 

The solution of this equation that departs from the point r = 0, r] = C is 

V-r + C+^^{{r + Cf^'^ - , (28) 

where Ci is a small constant, negative for space- like geodesies and positive for time-like 
geodesies. The square distance along these geodesies from r = to r = ro is 



s^^^j drr]2^n'^-lj , (29) 
and its flrst order expression in Ci is given by 

'\y,{{ro + Cf^'^-C('^'^y . (30) 



2 2Ci 
s — 



We have now all the elements for analyzing the following geometry. Let the spatial 
surface fl be an arc of circle of radius yo in the plane r] = 1. Let $ be the a set of points 
along Q distanced 2e between neighbors, where £ is a small quantity of the order of the 
cutoff scale /x, and covering in this way ft. We are assuming that the size of ft is much 
greater than the cutoff /i. 
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FIG. 8. The geometry used in this Section. The points p+ and p_ are situated along a hne 
parallel to the x axis at i = 1 with coordinate x = ite. Two light rays coming from p± intersect 
at q in the plane x = at coordinate y = yo- The point u is at coordinate y = yo and at distance 
square — /i^ from p±. The point v is in the plane x = 0, at coordinate y = yi, and very near the 
null surface w. 

Take two neighbor points p± in $, and without loss of generality assume that they have 
coordinates p± = (±£,0,1) (see Fig. 8). The intersecting null geodesies coming from p+ 
and p- will intersect each other at the plane x = 0. Any pair of these intersecting null 
geodesic with intersection point q will form the edges of a null surface u converging to q 
and bounded below by the sector of Q between p+ and p_. Let the point q be given by 
the coordinates (0, yo, 1 + yo + e"^ / {2yQ)) written at second order in e. Thus, q is at null 
distance from all points in $. The transversal area on the null surface u at the coordinate 
y is 2e^^^^(l + y)^^'^. This is increasing for y = when yo > 2/ (3 = Rr- In such case the 
null surface uj is not a light sheet in the sense of [4]. 

We intend to approximate uj using the set generated by $ and an additional point u 
orthogonal to $ and very near q. The best chance is taking u to have the maximal distance 
square required to be orthogonal to p±, d'^{u,p±) = —jj?. Using (30) with C = 1 and vq = yo 
to zero order (Ci is already small), we obtain Ci, and replacing in (28) we have 

Now we want to explore the conditions under which u and $ generate a set approximating 
UJ. If we find that a point v, very near the surface u, belongs to the orthogonal of {u, p^, p_} 
(and then to the orthogonal of u U $) , then the generated set will not contain a hole in uj 
below or above because all past and future of v is not included in v' . 

The form of the generated set (mU $)" will be shaped as the intersection of the opposites 
of the points in (m U $)'. If such a point v near uo does not exist, then it can be seen that 
the points in {u U $)' that could impede the generation of a set approximating uo must be 
near the extension of the null generators of uo beyond uj. It is easy to see that if there are 
points in $ along a non infinitesimal arc on each side of p+ and p_, there are no points in 
{u U $)' near the null generators of uj extended at the future of uj. Therefore, in the case no 
such a point v can be found, a point near uj will be generated for each y between and yo- 

Thus, we search points v capable of making holes in the generated set, and we situate v 
with a coordinate y = yi and on the plane x = 0. The reason for this last election is that 
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the distance from u is the same in the whole arc of radius yo — yi around yo, while if one 
chooses a point v with some x ^ there is less distance square to one of the points or 
p_ and more to the other. Thus, as the distance square from v to both has to be less than 
— //^, the best chance is with a; = 0. Points v displaced along the x direction beyond the 
surface cu can be orthogonal to p+ and p_, but they are taken into account in the next patch 
of null surface corresponding to other points in 
Thus we choose 

v=(o , yi , l+i/i + ^ + A^ , (32) 

where A is a small quantity and < yi < yo- Using (28) and (30) we obtain the distance 
square (P{v,p±) that is given by 

Likewise, we compute the distance square between v and u, 

^'M - - (d + *)<^«' - (1 + ^.)""') (^((rSfe) + ^) ■ 

As mentioned, for making holes in the generated set we have to demand (P{v,p±) < — /x^ 
and dF{v,u) < —jJ^. These translates into the following conditions for A 



,2(2/0-2/1) /^'(/5 + l) 



' 2y,y, 2{{l + y,)iP^^)-l)-^^ ^^^^ 



2(/5+l) 



1 



((1 + yo)(^+^) - (1 + 2/i)('^+^)) ((1 + 2/o)(^+^) - 1) 



(36) 



Given f3 and yo we have to satisfy these conditions for yl G [0 , yo]. Thus, A > 0. If a point 
V is in {u, P-Y, then all the points in the null surface a; for a; = and smaller y will be 
time like connected with v and will not be in the generated set. 
The condition for the existence of A can be restated as 



((1 + yo)(/^+i) - 1) ((1 + yi)(/^+i) - 1) ((1 + yo)(/^+i) - (1 + yi)(/^+^) 

+ + 1)2/12/0-°- ^''^ 

For a given /3 > 0, taking yo — > 00, yi — > 00, and yo/yi — 00, we see that there are 
always solutions for any e when the surface is big enough. Thus, surfaces with big yo are not 
generated given a fixed e. For e > fiwe have points in («□$)' in the initial surface and a set 
converging to uj for small fi will not be generated. Let us take the minimal set of orthogonal 
elements in the spatial surface that do not admit the addition of other orthogonal points, 
that is, we take e to be an infinitesimal smaller than /i. With such a choice the function 
(37) is decreasing with yi. Then it suffice to take the hmit yi — > 0. There the condition (37) 
becomes 
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yo > ^- (38) 

Therefore, for expanding surfaces, the number of orthogonal points required in the spa- 
tial surface Q to generate the approximate null surface will be greater than the minimal 
orthogonal set of points that cover (but not generate by themselves) the surface il [16]. This 
does not happen for contracting surfaces, where it suffices with taking A{Q) j {2fj,) points on 
the surface Q of area A(p,). 

For fi/2 < e < ^ we can still generate the set converging to u in certain range of yo, 
with the point u plus orthogonal points in the initial surface, leading to an extension of the 
holographic idea, but where the number of degrees of freedom per unit area is increased with 
respect to the standard value applicable to the non expanding case. For a large enough yo 
it is not possible to choose e in this range to generate the surface. Of course it can still be 
generated with non orthogonal points, for small enough e. Numerically, certain conservation 
of the number of points seems to hold. For a given yo let i be the maximal e such that there 
exist no yi such that Eq.(37) holds. Then let the area of maximal expansion for the initial 
surface of area 2 s be Araax{'2e). It is 74inax(2£)/(2//) ~ 1. Therefore the number of points 
needed in the surface fl (in general non orthogonal points) is very similar to the minimal 
number of orthogonal points needed to cover the surface of maximal expansion. 

We hope that an analysis on the same line involving the geodesic deviation equation 
would yield the result of this Section on the relation between the covariant entropy bound 
and the geometry given by the lattice >C_y^2(A4), in a more general context. 



V. CONCLUSIONS 

We have seen, considering the geometry of classical space-time, that there exist two 
well differentiated classes of orthocomplemented nets of causal sets. One is given by the 
orthomodular net Ct{M.), which is related to the usual picture of using independent data 
on Cauchy surfaces. The other class is of non orthomodular nets, that can be related to a 
reduction of degrees of freedom of the holographic type. We have argued that the second 
type of nets should be used for constructing algebraic quantum theories if there is a cutoff 
scale. 

Somewhat at the extreme of the non orthomodular behavior is the lattice Co{J^), that, 
being conformally invariant, does not differentiate between contracting and expanding light- 
sheets. When regularizing the lattices one takes into account the metric in addition to the 
causal structure, and the resulting behavior is intermediate between Ct{.M.) and Coi-M). 

We have constructed the non orthomodular lattice £_^2(A1) that implements a covariant 
cutoff for the causal lattices. This allows a geometrical definition of the number of degrees 
of freedom for an arbitrary set in space-time. We have seen that this number is consistent 
with the Bousso covariant entropy bound in a simple example, where it reproduces the non 
negative expansion condition for the election of light-sheets. 

An important point suggested by the lattices constructed in this work is that while the 
covariant entropy bound would hold in its original form, the holographic projection for a 
diamond shaped set or a hght sheet would not be simply to degrees of freedom on the spatial 
bounding surface. These are most of the independent degrees of freedom, but something 
more seems to be needed along the light sheet or its tip to close the algebra. 
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The lattice Ct{.M.) can be taken as a description of the causal striicture in classical 
space-time [10]. It is othomodular and it also has an interpretation in terms of physical 
propositions for classical theories. As we have argued the corresponding object that describes 
causality when space-time can not be taken classical at all the scales should be a non 
orthomodular lattice. If the causal propositions remain physical propositions that would 
mean that orthomodularity is lost as a property of the quantum logic structure. A change 
of the quantum mechanics postulates in a cosmological scenario is advocated for example in 
Ref. [15]. 

It would be interesting to explore the purely geometrical problem posed by the lattice 
£_^2(A1). Does it reproduces the holographic property for a general space-time?. A precise 
formulation for this statement is the following. Given a codimension 2 spatial surface fl and 
one of its light-sheets H, and let N{S) be the minimal number of orthogonal points needed 
to generate a set covering S in space-time. Then we would like to test if lim^^o ~ 
or find the conditions for its validity. 

More generally, the lattice C_^2[M) suggests a generahzed geometrical version of entropy 
bound. This is simply that the entropy in a set S has to be less than a constant times N{S). 
The constant has to be adjusted to match the covariant bound when appropriate, and is given 
by Sy^yU^/ (SG) in four dimensions [16]. Thus, this geometrical bound would be independent 
of 11 when the cutoff is taken smaller than all the curvature scales in the set. 

In relation to this idea arises the question of what kind of regularization could lead to 
the stronger form of covariant entropy bound given in [5] , which is related to the Bekenstein 
entropy bound [17], and implies the generalized second law. This can not be deduced from 
the counting of degrees of freedom by the lattice C^^2(Ai). 

It would also be interesting to investigate other regularizations, as the given by the lattice 
resulting from a random distribution of points in space-time Cd{A4) in the thermodynamical 
limit. 

Here we have assumed a base classical space-time and a net of local algebras of operators 
in Hilbert space as a generalized form of quantum field theory. This structure should appear 
above some distance scale. What seems to be odd is that, following what we have argued, 
the covariant entropy bound would hold in a form logically independent of the Einstein 
equations for the metric. After all the Einstein equations are essential for curving the 
space in such a way to save the bound in several examples [4,5]. However, the order of 
the implications could possibly be inverted using an idea by Jacobson [18]. In that work 
the Einstein equations are deduced starting from the area law for the entropy, and using 
the second law of thermodynamics as seen by accelerated observers to relate a heat flux 
given by the stress tensor with the area expansion. Thus, it seems likely that to implement 
an effective theory valid above some smallest fundamental scale gravity should appear as a 
requirement of self consistency. 
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